Abstract: "Einstein's riddle" is a popular example of constraints satisfaction problem. Since its introduction, different forms and variations of the riddle have been presented. Regardless of the variant of the riddle, its solution is considered a tough challenge for humans. Researchers have developed and are still developing mathematical models, as well as computational simulation models for solving it. In this article, the authors have modified a previously published mathematical model and developed a computational spreadsheet model for solving the riddle, which provides a unique solution for the riddle. The model was also tested in a small and medium-scaled form for solving constraint satisfaction problems regarding the allocation of construction machines. The authors have also highlighted the model's limitations for solving such problems and made suggestions regarding necessary modifications in the model to solve more complex problems in the same domain.
INTRODUCTION
Combinatorial optimization problems are ubiquitous everyday tasks, and as challenging tasks, they have been and still are interesting in several scientific fields. One of the most popular examples in the field of combinatorial optimization, ascribed to Albert Einstein, is "Einstein's riddle" [1] [2] [3] [4] . In literature, this problem is also known as the "Zebra Puzzle" [5] [6] [7] and is often associated with Lewis Carroll [8] [9] [10] .
Even though it is not fully clear if it was originally Einstein's formulation of the problem, it is broadly considered as a textbook example and is a frequently studied combinatorial optimization problem (i.e., constraint satisfaction problem), owing to Einstein's great popularity, scientific achievements, and charisma. The above-mentioned problem and its variations have attracted great interest from the scientific community over the years. The aim of this paper is to explore the application potential of such optimization tasks in the field of construction. After a brief introduction of constraints satisfaction problems and the origin of Einstein's riddle, its formulations and solutions, a spreadsheet solution of the riddle is presented. In the third chapter, the authors introduce an application of Einstein's riddle in the field of construction, as also the extent to which the shown spreadsheet solution is useable, and modifications that are necessary to solve more complex problems. The final part of the paper gives the concluding remarks and recommendations for further researches.
EINSTEIN'S RIDDLE

Constraint satisfaction problem
A constraint satisfaction problem (CSP) is defined in literature as a mathematical problem having a given set of variables with associated domains whose every possible solution must satisfy all unary or binary constraints [11, 12] . The complexity of a constraint satisfaction problem depends largely on the tightness of constraints, or as Barbara M. Smith [13] explained it: "… when the constraints are loose, there are many solutions and it is easy to find one; when the constraints are tight, it is easy to prove that there are no solutions." Complexity of constrained problems depends on the number and type of variables and constraints. However, when solutions are in range from near 0 to near 1 CSPs are found to be NP-complete problems.
Background of "Einstein's riddle"
It is not clear whether the original formulation of the riddle was by the great Albert Einstein as a boy, who opined that approximately only 2% of the world's population could solve it, or by Lewis Carroll who coined the "Zebra Puzzle". As the cigarette brands mentioned in the puzzle were not available during Einstein's youth and Einstein himself never explicitly claimed to have formulated the riddle, most scientists are of the view, that it could not have been him, who formulated this riddle. Nevertheless, ever since it was presented, it has attracted the interest of both general and scientific communities. In literature, regardless of how it is addressed, the riddle is often presented as an example of combinatorial optimization and constraints satisfaction problem. The solution of this puzzle is considered to be a difficult challenge for humans, something that has been elaborated and quantitatively proved [14] .
Riddle formulation
The most common formulation of the riddle, published in the Life magazine in 1962, is given as a list of related facts and constraints connecting five people [15] [16] [17] having different nationalities, preferring different beverages, living in houses having specific colors, preferring different brands of cigarettes, and having different pets. Facts and constraints that form the riddle are given in the following list:
 The British lives in the red house.  The Swedish keeps dogs as pets.  The Dane drinks tea.
Mathematical model of the riddle
The authors have modified the model formulation presented by Yeomans [16] and structured a mathematical model of the problem (Table 1) as a matrix of binary variables with 5 associated domains (i.e. nationality denoted as "Ni", house colour "HCi", beverage "Bi", cigarette brand "CBi", pets "Pi") forming the rows; with "i" variables for each domain (i=1, 2,…, 5); while order of houses is denoted as "Hj", and form the column "j" variables (j=1, 2,…,5). The solution is constrained by the condition that the sum of variables of each row equals 1 and that sum of each column referred to its domain, too equals 1. As such, the mathematical model consists of a total of 125 binary variables. The set of conditions, given as the list of 15 constraints and facts in the puzzle, are mathematically formulated and added to the mathematical model ( Table 2) . 
Application of "Einstein's riddle" in solving construction machine allocation problems (1)
The Swedish keeps dogs as pets.
The Dane drinks tea.
The green house is on the left of the white house.
The green house's owner drinks coffee.
The owner who smokes Pall Mall rears birds.
The owner of the yellow house smokes Dunhill.
The owner living in the center house drinks milk.
= 1 (8)
The Norwegian lives in the first house.
= 1 (9)
The owner who smokes Blend lives next to the one who keeps cats.
The owner who keeps the horses lives next to the one who smokes Dunhill.
The owner who smokes Bluemaster drinks beer.
The German smokes Prince.
The Norwegian lives next to the blue house.
= 1 (16)
The owner who smokes Blend lives next to the one who drinks water.
Constraints (8) and (9) are given as facts, and hence, mathematically defined. For conditions (10) , (12) , and (17) additional binary variables were added and denoted as "D1", "D2", and "D3" in order to model the relative direction of the first mentioned variable from the nesting second variable (i.e., 0 marks the location on the right side, 
Spreadsheet solution of the riddle
The optimization problem was structured as a spreadsheet model in Microsoft Excel 2016 [18] and solved using Solver add-in. Excel's Solver is suited for solving optimization problems structured with a maximum of 200 decision variables, as has been noted in previous researches [19, 20] . This is greater than the number of binary variables of the formulated problem. The model is based on formulations suggested in [15] , but modified according to the mathematical model presented in the previous section. For solving the aforementioned problem, the authors used a PC with a 64-bit processor running at 3.00GHz and having 4GB RAM. The Solver provided a solution (Table 3) in 10 seconds using the "Simplex LP" solving method, which employs the Branch and Bound method [21, 22] for solving the discrete linear problem. The answer to the question "who owns the fish?" is the German keeps fish as pets. CSPs in construction can be identified in small scale to complex problems having numerous and different types of variables and constraints. This section presents a solution to a small-scale problem common to construction sites: the optimal allocation of machines for simultaneous serial operations in several ongoing projects, or in the same project but at different locations. Previous work on such tasks [23] have revealed, that even in relatively small-scale problems the number of feasible combinations and parameters exceeds human imagination and experience. Modeling and simulation, are therefore, considered as appropriate tools for complex decision-making, which ensure optimal solutions. Following is an example of an allocation problem for two different types of machines, loaders "Li" and trucks "Ti". Three machines of each type (i = 1, 2, 3) are used for loading and transportation of the excavated soil from three construction sites "CSj" (j= 1, 2, 3) in such a manner, that each site is served by exactly one loader and one truck. With the number of machines required equaling those available, this is an example of a balanced model, for which an exact solution for the problem is achievable. Input parameters for the machines are listed in table 4. These are machine capacity "qi", average cycle time "ti", average machine efficiency "ei", and average hourly expenses for each machine for each construction site "cij", which were generated from intervals taken from literature [24, 25] . 
Mathematical model
The mathematical formulation of the problem is shown in Table 5 . The selection of machines from both domains is executed by binary variables Lij, Tij є [0,1]. The constraint lies in solving the problem in a manner, that exactly one machine of each type is allocated to each site. T2  T21  T22  T23   T3  T31  T32  T33 Each site has to be served by only one machine from each domain, which implies that there are 27 feasible combinations or scenarios "Sn" defined by binary variables (Eqn. 20 and 21). Each scenario generates two optimization parameters: combined expenses (unit costs of loader "cL,ij" and truck "cT,ij") of employed machines on each construction site "En,j", and the usage of the employed server (loader) "ρn,L,i", which in queuing theory is a wellknown parameter. This is defined as the ratio of the average entry into the system "λ", dependent on the trucks' cycle time, and the average number of serving operations in a unit of time "μ", dependent on loaders efficiency and trucks' capacity (Eqn. 22 and 23) .
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Owing to the fact that the Excel solver can find the optimal solution on the basis of only one objective function and that the usage of loaders depends on the efficiency of the trucks, the ratio "Rn,j" of combined expenses of employed machines "En,j" on each construction site and employed truck efficiency "eT,i" was determined to be an objective function (Eqn. 24).Thus, the optimal solution is the scenario which generates the smallest value of "Rn,j". 
Spreadsheet solution
The problem was structured as a spreadsheet model and the same PC as well as the same search algorithm for solving the problem was applied. The authors initially used an "evolutionary" solving method to obtain the solution and then verified it using the "Simplex LP" method. Either way, the solver provided an optimal solution in matter of seconds. The Rj value was 15.725 (Table 6 ), while the total hourly expenses were 265.18 €/h. 
Problem 2: Spreadsheet solution of a medium scaled CSP in construction
Formulation of problem 2
The second example of CSP in construction is an expanded problem 1. An additional construction site requiring the same type of construction machines and two more machines of each type in the pool of available machines were added to the existing problem. The source and values of input parameters of the machines (Table 7) are the same as those in problem 1. Problem 2 addresses five available loaders "Li" and five trucks "Ti" (i=1, 2,…, 5) for loading and transportation of the excavated soil from four different construction sites "CSj" (j=1, 2,…, 4) in such a manner, that each of them is served by exactly one loader and one truck. Hence, one machine of each type will remain unassigned.
Mathematical model
The problem formulation, as shown in table 8, is no longer quadratic (i.e., available machines outnumber required machines). This means that there will be unassigned machines in each of feasible 100 scenarios "Sn". As in the previous instance, the employment of machines from both domains and scenarios are defined using binary variables (Eqn. 25 and 26).
Application of "Einstein's riddle" in solving construction machine allocation problems T2  T21  T22  T23  T24   T3  T31  T32  T33  T34   T4  T41  T42  T43  T44   T5  T51  T52  T53  T54 The combined expenses of employed machines on each construction site "En,j" and usage of employed server "ρn,L,i" are formulated in Eqn. 27 and 28. 
In this case, four additional constraints (Table 9 ) were added to simulate the following real-time requirements: i) one loader cannot be transported to a specific construction site; ii) one loader is not compatible with a certain truck; iii) one loader has to be employed on a certain construction site; iv) two specified trucks cannot be employed on two adjacent construction sites. Table 9 Additional constraints in mathematical model Description Mathematical model Loader 1 is not eligible for construction site 3.
Truck 2 has to be employed along with Loader 3.
Loader 4 cannot be paired with truck 3.
Trucks 2 and 3 cannot be employed on two adjacent construction sites.
The optimal scenario is one which simultaneously shows minimal total expenses (Eqn. 33) and maximal trucks' efficiencies (Eqn. 34):
=1
Spreadsheet solution
The spreadsheet model of the problem was developed using Microsoft Excel, as in previous cases. However, Excel's solver could not find a solution by employing any of its solving methods. Hence, the authors used Microsoft Solver Foundation (MSF) [26] , a more advanced add-in solver to solve the problem. MSF is capable of solving an optimization problem having more than one objective function. For this scenario, two objective functions were formulated (minimization of total hourly expenses and maximization of trucks' efficiency) having the same priority, as was defined in the mathematical model of the problem explained in the previous section. After the search process was run, MSF provided an optimal solution within the user-specified time of 120 s (Table 10 ). Unassigned machines were found to be loader L2 and truck T4. The total hourly expenses were 370.29 €/h; while the sum of the trucks' efficiencies was 67.46 m 3 /h. 
DISSCUSSION AND CONCLUSSIONS
This paper addressed the applicability of a well-known example of CSP, "Einstein's riddle", for solving the problem of allocating construction machines. Following a brief introduction, the authors gave the background of the general formulation of a CSP and "Einstein's riddle". Owing to the broad acceptance of the riddle, its employability in construction operations was analyzed. In the second section, the authors presented the riddle in its commonly known form and introduced the general mathematical problem formulation as well as the spreadsheet solution of the problem obtained using Microsoft Excel's add-in solver. The solver provided a unique solution of the riddle, which matches the one obtained by previous researchers. Using the same methodology in the third section, a smallscale problem of simultaneous allocation of construction machines on various construction sites was considered. The problem comprised of allocating three loaders and three trucks on three different construction sites in such a manner, that each site has to be assigned exactly with one loader and one truck. The optimization objective was to minimize the total hourly expenses of the assigned machines and to maximize the loaders' employment. Owing to the solver's limitation of optimizing problems with only one objective function, the authors introduced a unique optimization parameter by connecting the two aforementioned objective functions. The solver provided a quick and optimal solution to the problem. Problem 1 was used in structuring the medium-scale problem 2 involving an additional construction site and additional two available machines of each type. As Excel's solver could not solve this problem, the authors used the more advanced Microsoft Solver Foundation add-in solver, which is capable of optimizing more than one objective function. MSF provided a relatively quick optimal solution to the problem. It can be concluded that allocation of construction machines can be formulated as CSPs. However, the choice of the solver for the spreadsheet solution of the problem depends on constraints and variable types, the problem size, and the number of objective functions. For further development of the suggested approach, the authors will upgrade the model by including other types of machines and different construction works, as well as multi-channel relationships among employed machines. For solving more complex instances of addressed problems, it is suggested that a neural network based optimization and employment of more advanced software should be considered. However, in terms of potential for commercial usage of the proposed approach, the authors wish to emphasize the necessity for simplification of input data, as well as the control of results.
